LECTURE  #9
10/04/04

RANDOM NUMBER GENERATORS
In the last class, we had discussed the basic concepts of Monte Carlo (MC) experiments. The discussion is however not complete until we address a practical way of generating  random numbers (of a specified probability distribution). Remember, to perform a MC experiment, we are required to sample from a distribution, generate random variables and then pass them through some model framework to derive the output distribution. 

As an example consider the problem of trying to identify the uncertainty in the estimation of discharge due to the uncertainty in Manning’s ‘n’. Assume that ‘n’ is uniformly distributed between 0.05-0.2. For a MC experiment, how would you generate uniformly distributed ‘n’ values (random variables, each known as the ‘random number’) in order to pass them through Manning’s equation?
In reality there is no tangible way of generating ‘genuine’ (perfect) random numbers using a computer (a non-intelligent machine that is) code. You could of course use a roulette wheel somehow and spin it each time to generate some ‘n’ values. Hence, in practice, most computer codes generate what we call ‘pseudo’ random numbers. They are called pseudo because, for the same set of input conditions, they generate exactly the same sequence of ‘random’ (oops, ‘pseudo’-random) numbers.

The Earliest Pseudo-random Number Generator:

The earliest pseudo-random number generator was proposed by John von Neumann and is called the ‘Mid-Square’ method. 

Suppose, we are given a four digit number (less than unity), say a1=0.9876. Square it to obtain an 8 digit number =0.97535376. Then take the middle four digits and get the second random number a2=0.5353. Now repeat the previous two steps to generate more random numbers a3=0.8501, a4=0.2670……
Unfortunately, this algorithm produces a disproportionately low quantity of small numbers which therefore tends to make the distribution highly skewed. The exact nature of the PDF produced by the Mid-square method is not known, but it will not be surprising if a log-normal type distribution is obtained with a  large number of samples.

However, in order to satisfy our curiosity, let’s do the following Group Class Project (as HW#2):

Bikash: Using a1=0.5426 generate a total of 20 random numbers (oops, pseudo-random numbers)

Anna: Using a1=0.1234 generate a total of 20 pseudo-random numbers.

Sunil: Same as Bikash and Anna, but use a1=0.9345

Andrew: Use a1=0.0123

Now combine each of your 20 random numbers (you should get 100 random numbers) to calculate the mean, standard deviation and the frequency histogram. Bring in your results the next class!
Some remarks about the Mid-square Method:

(1) The advantage of this method is that it is very simple, requiring few operations and hence taking up little RAM and CPU resources of the computer.
(2) The single shortcoming of the method is that the limited supply of pseudo random numbers that it gives, since the sequence pf numbers a1, a2, a3 is computed by an algorithm of the form:

an=F(an-1), it must be periodic (i.e., repeating the pattern after a number of iterations). Thus sooner or later one of the numbers say a15, will coincide with one of the preceding numbers say a5 (just a wild guess, but you guys need to find this out by doing the above class project together).
(3) The last shortcoming is that, the Mid-square method is just not used anymore nowadays for problems in hydro sciences! So, I’ve taught you something that has little application (well, I wanted to give you a simple example).

The Current Truth about Pseudo-random number generators:

Currently there exist numerous algorithms to generate pseudo-random numbers (see for example : “Numerical recipes in Fortran”). You do not need to know the inner workings of how the random numbers are generated. However, the following points should be borne in mind (will come in handy when performing MC experiments for a particular application):
(1) They are all invariably based on uniform pseudo random number generation. I.e, almost all algorithms are founded on the most fundamental algorithm that is known to generate an r.v (between 0 and 1) as an uniformly distributed number.

(2) Using the uniform random number, some transformation is used to convert the numbers to the required distribution.

(3) The generators usually work on the basis of an input number used for initialization (known as the ‘seed’), similar to the a1 for the Mid-square method. 

(4) For a given seed, the random number sequence is exactly the same.

Transforming Uniform Random Numbers to the Required Distribution:

So, now we know that most pseudo-random generators work are basically founded on an algorithm (or another generator) that generates U[0-1] random numbers. So how are these used to generate a random number mimicking some kind of a non-uniform distribution (say Gaussian)?
The answer to the above question is shown through a problem defined below. 
Suppose, we have a number of U[0,1] random numbers (ie., 0.5 mean and 0.125 variance) and we want them converted to N[0,1] (i.e,, zero mean and 1 variance).
It’s simple. 

First construct the cumulative probability distribution function for a normal distribution with zero mean and 1 variance:
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Obviously, the y-axis (representing cumulative probability) can only range from 0-1. Now, assume your U[0,1] as a point on the y-axis – identify the point, move horizontally towards the cumulative distribution curve and then find the corresponding value on the x-axis. This value is now normally distributed as an N[0,1] distribution. What we did just now, is called mapping or ‘transformation of random variables’. Most pseudo-random generators generating a random variable for a non-uniform distribution are based on this type of mapping using the cumulative probability distribution curve.
Now, what would you do if you had generated U[0,1] numbers from a pseudo uniform random number generator? Sounds redundant right? But if you repeated the above procedure, you could still generate the required U[0,1] numbers, after all the cumulative distribution function for a uniformly distributed random number U[0,1] is a straight line that makes a 45 degree angle. Hence all mappings from y – x are essentially a mapping on itself!
Conversion of standard random numbers (0 mean and 1 variance):
Suppose you need to generate Gaussian random numbers of N(2.5, 1.2) (2.5 mean and 1.2 standard deviation). For this, you would first generate N(0,1) numbers then multiply it by the s.d (1.2) and then add the mean (2.5). DO NOT ADD MEAN FIRST AND MULTIPLY BY S.D. LATER!! 
CONCEPTS OF ENGINEERING OPTIMIZATION
What is it?

Optimization is the act of obtaining the best result  under given circumstances. In design, construction and maintenance of any engineering system, engineers have to take many technological and managerial decisions at several stages. The ultimate goal of all such decisions is to either minimize an undesirable criterion (criteria) (e.g., cost, time) or maximize a desirable criteria (e.g. efficiency).

In hydro sciences, it is almost impossible to ignore the importance of optimization. Some examples are as follows:

(1) A multi-purpose reservoir (serving irrigation, water supply and recreational needs) requires to ‘optimize’ its spillway (or water release) mechanism (i.e., when to release water and in what amounts). Other factors that complicate the process is the rainfall process leading to large accumulations in the reservoir and the steady siltation (often unknown) that reduces the reservoir capacity.
(2) Hydrologic models are often calibrated against observed input-output data. This calibration is a process of optimization where the error between model output and observed output is minimized.

In general, optimization problems are cast as a minimization problem. After all, any maximization problem can always be cast as a minimization problem by inverting (reversing) the criterion being maximized.

Formulation and Classification of Optimization Problems

The most general formulation of an optimization problem may be written as


NP:  min{f(x) | ci(x)=0, i=1, 2,…, m'; ci(x) 
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 are the restrictions.  Table 1 gives a general classification of the optimization problems.  Other criterions, such as the type of variables (e.g. integer or real) or special properties of f(x) may be used for further classification of optimization problems.  In this course, we will address only optimization problems that may be described by one of the first five entries in column 1 of Table 1 and first four of column 2.  In other words, all the functions in (1) are differentiable.

	Properties of f(x)
	Properties of ci(x)

	Linear function
	Without restrictions

	Sum of squared linear functions
	Bounded variables

	Quadratic function
	Linear functions

	Sum of squared nonlinear functions
	Nonlinear differentiable functions

	Differentiable function
	Nonlinear non-differentiable functions

	Non-differentiable function
	


Optimality Conditions

· Definitions

A point x ( X=Rn is called admissible if it satisfies all restrictions.  An admissible point x* is called a local minimum if satisfies the following condition:


( (>0 so that f(x*) ( f(x) (x admissible with ||x – x*||<(
A local minimum is global if


f(x*) ( f(x) (x admissible and x ( X

· Theorem

Define L(x,()=f(x)-(Tc(x).  Accordingly, the following conditions are necessary for a point x* to be a local minimum:


C1.
ci(x*)=0, i=1,…,m'; ci(x*) 
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0, i=m'+1,…,m;


C2.
(xL(x*,(*)=0;


C3.
(*
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0, c(x*)T(*=0;


C4.
hT(xxL(x*,(*)h
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 is the gradient of function f(x) and 

and
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 is its hessian.

Applications of the optimal condition theorem

Quadratic objective function without constraints

· Example 1

Let us consider the linear model


y=a0+a1x1+a2x2+…+anxn+(
where ( is noise (a normal random variable with zero mean).

From a set of measurements


Y=[y1,y2,…,yM]T
that correspond to X=[1,x11,..,x1n;1,x21,…,x2n;…,1,xN1,…,xMn]T, it is possible to determine optimally the parameter vector 


A={a0,a1,…,an}T
It may be proven that the best estimator of A is the one that minimizes the function:


f = (Y-X(A)T(Y-X(A)

According to the optimal condition theorem the minimum of f occurs when 
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The solution of the above equation is
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The existence and uniqueness of this solution does not guarantee the existence of the solution of the initial problem.  Another condition is to be checked, namely, whether 
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 is positive definite.  Namely:



[image: image15.wmf]0

>

=

Ñ

X

X

f

T

AA


This condition is sufficient to guarantee along with the previous condition the minimum of f.
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